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mSTORICAL mrRoDucrIO~ 
The  thermodynamic  relations  which  form  the  basis  of  the  theory  of 
membrane equilibria were stated by Gibbs  (1)  in 1875. Since Arrhenius had 
not yet formulated the theory of electrolytic dissociation, this part of Gibbs's 
paper  contains no  mention of  ions nor  of  an  electric potential  difference. 
Indeed,  as  Guggenheim  (2)  has  inferred from a  later  remark  of Gibbs,  he 
would have recognized that the difference of electric potential between two 
phases of different composition "involves the  consideration of quantities of 
which we have no apparent means of physical measurement." Any discussion 
of membrane potentials must therefore include the admission that it is  not 
possible  to  measure  such  a  single potential difference, nor  to  calculate  its 
value exactly, without relying on some arbitrary, non-thermodynamic assump- 
tion. 
The theory of ionic membrane equilibrium was developed by Donnan  (3) 
in 1911. He considered a system in which two solutions containing electrolytes 
are separated by a  membrane, freely permeable to most of the ionic species 
but  impermeable  to  at  least  one  of  them.  A  system  in  which  the  non- 
permeating ion is a protein cation, while the diffusible ions are those of hydro- 
chloric acid, may be represented by the following diagram: 
R  "+ 
y  H +  H +  x 
y+z  CI-  C1-  x 
The vertical line represents a  membrane impermeable to the cation R "+, and 
the small letters, x, y, and z, denote the normalities or equivalent concentra- 
tions of the ions at equilibrium. This notation is consistent with the rule of 
electroneutrality for each solution. By the application of thermodynamics and 
the laws of dilute solutions, Donnan obtained a  simple equation showing an 
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unequal distribution of the diffusible ions at equilibrium. This may be written 
in the form 
x e  =  y(y  -Jr- z) 
from which it may be seen that x is greater than y, and that y  ~  z is greater 
than x. The presence of the non-diffusible ion on one side causes the diffusible 
electrolyte (in  this case, hydrochloric acid)  to become more concentrated on 
the other side.  Donnan's  equation may also be written as  an equality of the 
ionic ratios, 
x  y-t-z 
r  ..........  (l) 
y  x 
and here the ratio r is greater than unity. Donnan also obtained an expression 
for the electric potential difference between the two phases, commonly known 
as the membrane potential. This may be written in the form 
2.303RT 
E~  log r  (2) 
F 
for univalent diffusible ions. The value of 2.303 RT/F  is 59.15 my. for 25°C. 
A positive value of EM means that the solution containing the non-permeating 
cation is at the higher (i.e.,  more positive) electric potential. 
Both Donnan (3) and Gibbs (1) pointed out that in such equilibria the two 
parts  of  the  system  will,  in  general,  be  at  unequal  pressures.  Osmotic  or 
membrane equilibria have been called by Guggenheim (4, 2) partial equilibria, 
to emphasize the fact that the two phases are not in equilibrium with respect 
to the non-permeating substance. 
The membrane potential is commonly taken to be the electromotive force 
measured  between  identical  reference  electrodes  (e.g.,  calomel  half-cells), 
connected  by  salt  bridges  with  the  two  solutions  on  opposite  sides  of  the 
membrane.  This  would  be  a  measurement  of  the  true  membrane potential 
only if the liquid junction potentials at the ends of the salt bridges were equal 
and opposite. It is assumed that this is true when the salt bridge is a saturated 
potassium  chloride  solution,  although  no  way  to  prove  this  assumption  is 
known.  The same  assumption  is  made  in  estimating  the  activities of single 
ionic species  (cf.  Scatchard  (5)). The results reported by Loeb  (6)  for mem- 
brane potentials in the equilibrium of proteins with electrolytes are all based 
on this assumption. 
If a  Donnan  system  at  equilibrium  is  converted into  a  galvanic  cell  by 
inserting into  the  two  solutions  identical electrodes, reversible to  one of the 
diffusible  ion  species,  the  resulting  electromotive force  must  be  zero.  This 
conclusion,  based  on  thermodynamic reasoning,  was  stated  by Donnan  and 
Allmand  (7), Michaelis  (8),  and Hill  (9).  As a  result of this property of the DAVID I.  HITCHCOCK  719 
system, it is possible to  obtain  a  rough estimate of the membrane potential 
by  making  a  measurement  in  the  absence  of  the  membrane,  provided  the 
solutions  have  first  come  to  equilibrium  across  the  membrane.  The  electro- 
motive force between such reversible electrodes, in direct contact with the two 
solutions,  is measured after the  latter have been connected  by a  salt bridge. 
This  is  essentially  what  Loeb  (6)  did  in  obtaining  the  figures  reported  as 
"calculated  P.D."  or  "hydrogen  electrode  potentials."  The  solutions  were 
placed in turn in a  vessel provided with a hydrogen electrode and a  salt bridge 
leading  to  a  calomel  half-cell;  the  difference  between  the  E.M.r,  readings 
obtained  with  the  two  equilibrated  solutions  was  numerically  equal  to  the 
E.~.r.  between  two calomel  half-cells,  each  containing  saturated  potassium 
chloride  which  made  contact  with  the  experimental  solutions  on  opposite 
sides of the membrane. Similar results may be obtained with a  glass electrode 
in  place  of  the  hydrogen  electrode.  Scatchard,  Batchelder,  and  Brown  (10) 
used  two silver-silver chloride  electrodes  dipping directly  into  the  two  solu- 
tions, which were connected by a  salt bridge. The rational basis for this pro- 
cedure may be understood by considering the following galvanic cells: 
Ag, AgC1; HCI, membrane: HC! +  protein; AgC1, Ag  (I) 
ex  EM  e~ 
E1  =  el +  Eu +  e2 =  O 
Hg, HgC1; KCl(sat.): HCI, membrane: HCI +  protein:  KCl(sat.); HgCI, Hg  (II) 
e~  e4  Eu  e~  --ca 
EH =  e3 +  e~ +  EM +  eL -- el =  E~ +  Ei 
Here Ei is written  for the net liquid junction  potential,  the algebraic sum of 
e, and e6. 
Ag, AgO; HCI: KCl(saturated) : HCI +  protein; AgCI, Ag  (HI) 
el  -e4  ---eL  e2 
Em ffi el-- e,t-- es+e~ =  EI--  EIt 
--  •IlI  =  Ell -~ EM +  Ei 
The last equation shows that cells II and III have equal and opposite electro- 
motive forces if that of cell I  is zero. Neither cell,  however, gives a  measure 
of the true membrane potential, Eu, unless it can be shown that Ej is zero. 
EXPERIMENTS 
Some years ago Nims  (11)  expressed  the opinion  that  the E.M.~'. of celt II would 
not  be  changed  appreciably  by  removal of  the  membrane.  This prediction  was  ap- 
proximately verified by experiments  in which the membrane  was pierced by a  thick 
needle, and the result was mentioned in textbooks (12). In order to avoid flow through 
the hole,  diffusion of potassium chloride,  and the possible effect of large areas of in- 
tact membrane, further experiments were carried out by starting with cell I  instead 720  M-EM_BP.ANE  POTENTIALS  IN DONNAN  EQUILIBRIUM'.  II 
of cell II, and by placing the electrodes and solutions, after equilibration across the 
membrane, in separate glass vessels with side arms dipping into a beaker of the outer 
solution. This constituted cell IV: 
Ag, AgC1;  HCI: HC1 -4- protein; AgC1, Ag  (IV) 
Readings for cell III were obtained with the side arms of the same vessels  dipping 
into a  beaker of saturated  potassium  chloride. The E.~.r.  of cell  V 
Glass electrode; HCI: KCl(saturated) : HC1 -4- protein; glass electrode  (V) 
was  the difference between  x.~.r,  readings used  for the determination  of pH.  The 
actual cell induded only one glass electrode of the bulb type, supported in a  water- 
jacketed vessel at 25  ° 4- 0.05oc. The solution was connected by a salt bridge of satu- 
rated potassium chloride with a  reference half-cell,  also at 25  °.  Reproducible liquid 
junctions were made by means of a  3-way, 120  ° stopcock of 2 ram. bore. 
Protein solutions were prepared from granular gelatin (Cooper's), purified accord- 
ing to Northrop and Kunitz (13),  or edestin, extracted from hemp seed,  crystallized 
according to Osborne (14),  and washed free from salt.  One gm. of air-dried protein 
was treated with  100 ml.  of dilute hydrochloric acid. The gelatin was dissolved by 
warming to 50  °, and the edestin by rubbing with a  glass rod. In each ease a  small 
residue  was  removed  by  filtration.  The  protein  concentrations,  as  determined  by 
drying at  110  ° for a  day or two, were 8.7 gm. of gelatin per liter of initial solution, 
and 8.1 gin. of edestin per liter. 
Membranes  were prepared  from  v.s.r,  collodion in  test  tubes  about 25  by  100 
mm. The inside of the tube was twice coated, each application being followed by dry- 
ing until the odor of ether was no longer pereeptible.  Mter the membranes had been 
washed in distilled  water and the hard rim had been cut off, each was fitted with a 
rubber stopper, held tightly in place by a stretched rubber band, and tested for leaks 
by gentle squeezing. Membranes prepared in this simple way proved to be remark- 
ably strong and free from leaks if they were made in dry weather. Before use, each 
membrane was soaked in dilute acid of the same concentration as that to be used for 
the external solution. 
Silver-silver  chloride  electrodes  were prepared  either  by the thermal-electrolytic 
method of Hamed (15),  the electrolytic method of Brown (16),  or by fusing a  silver 
wire to a platinum wire and then forming silver chloride by electrolysis.  In each case 
it was necessary to have a good seal of the supporting platinum wire through the end 
of a  soft glass tube.  Electrodes differing by more than 0.2 my. in the same solution 
were not used. 
The electromotive force across the membrane (cell I) was measured to 0.1 my. by 
means of a reliable potentiometer and galvanometer. For the other cells it was neces- 
sary to add to the measuring circuit a thermionie amplifier (Leeds and Northrup Co.) 
or electronic bridge (Hitchcock and Mauro (17)). 
Fig. 1 is a  diagram of the system used for equilibration,  with silver chloride 
electrodes to form cell I. The initial volume of the inner solution was 25  ±  2 
ml.,  while  that  of the  outer  solution was 230 ml.  The  temperature  remained 
constant within  1  ° during each period of equilibration,  and was always within 
2  ° of 25°C. DAVID  I.  HITCHCOCK  721 
Fig.  2  shows  the time course of the equilibration in  terms of the electro- 
motive force between the  silver chloride electrodes on opposite sides  of the 
membrane (cell I). The initial values could be varied at will by starting with 
different concentrations of acid  in  the  two  compartments,  but in  each case 
E1 was practically zero within 8 hours and remained constant thereafter. The 
Fro. 1.  Osmometer  with  silver  chloride  electrodes,  used  to  study  the  Donnan 
equilibrium in systems containing protein and acid. 
osmotic pressure  difference between  the  two  solutions  reached  a  maximum 
value in  about 8  hours, and  did  not change more  than  a  few millimeters of 
water in 24 or 48 hours. 
In  the  experiment  represented  by  the  lower  curve  of  Fig.  2,  the  initial 
concentrations of total acid  were 0.01  N in  the gelatin solution  and 0.001  N 
in the outer solution. The temporary negative potential of the inner electrode 
may be explained by unequal  electrode potentials,  added  to  a  diffusion po- 722  MEMBRANE  POTENTIALS  IN  DONNAN  EQUILIBRIUM.  II 
tential  during  the  outward  diffusion  of  the  acid.  The  data  plotted  in  the 
upper  curve  of  Fig.  2  were  obtained  by  starting with  0.001  N  acid  in  both 
compartments.  The  initial positive  potential  of  the  inner  electrode  may  be 
explained as a  diffusion potential caused  by unequal  ionic mobilities as acid 
moved  in  to  establish the  equilibrium state,  in which  C1- was more  concen- 
trated in  the  inner solution.  Most of the experiments were begun with equal 
initial concentrations of acid throughout. 
In order to determine the influence on electromotive force of the excess  pressure 
on the protein solution, two experiments were set up with a T-tube inserted near  the 
lower end of the straight osmometer tube. After equilibrium had  been  reached and 
El measured, the pressure was decreased from about 23 cm. to only 2 cm.  of  water 
by allowing the liquid in the osmometer tube to run out through  the  T-tube.  This 
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Fro. 2.  Time  course  of approach to the Donnan equilibrium  in systems contain- 
ing gelatin and hydrochloric acid. 
caused a  decrease in E.M.~'. of 0.1  mY. in  one case and  zero in the  other. Although 
the excess pressure is necessary for equilibrium, it is without appreciable effect  on 
electromotive force. 
After EI had  been measured, equilibrated solutions were removed from  contact 
with the membrane by the following procedure. A short rubber tube was put  on the 
upper end of the osmometer tube and closed with a  screw clamp, in order  to keep 
unequilibrated solution in the tube. The membrane with its tube was lifted out of the 
external solution, wiped on the outside, and held over a  dry beaker. The membrane 
was then pierced several times with a needle, so that the equilibrated protein solution 
flowed into the beaker. The electrodes were supported by small rubber stoppers in 
two Ostwald electrode vessels, which were then filled by suction with the two solu- 
tions. Cell IV was constructed by dipping the side arms of the Ostwald vessels into 
a beaker containing some of the inner or outer solution, as shown in Fig. 3. The effect 
of time for diffusion at the junction in cell IV was investigated in three cases by leav- 
ing the cell with a  free junction for 17 or 18 hours; the changes  in Etv  were  -0.1, 
+0.1, and +0.5 my. 
In most of the experiments cell III was constructed by flushing out the side arms DAVID I.  HITCHCOCK  723 
of the Ostwald vessels  with a  few drops of solution and dipping them into a  beaker 
of saturated potassium chloride (Fig. 3). 
The electromotive force of cell V was obtained as the difference between the E.M.•. 
values obtained with the two solutions in the glass electrode pH cell at 25  ° (Hitchcock 
and Mauro (17)). 
In about half the experiments  the total chloride concentrations of the inner and 
outer solutions were determined by the modified Volhard method of Wilson and Ball 
(18).  Samples were digested on a steam bath with 10 ml. of 0.01  N silver nitrate and 
2  ml.  of concentrated nitric  acid until  the  silver  chloride  had  coagulated and  the 
supernatant liquid was no longer cloudy. After the solutions had been cooled with ice 
water, the back titration with 0.02 N potassium thioeyanate was carried out rapidly. 
The method was standardized by analyzing samples of 2 and 7 ml. of 0.01  N hydro- 
FIG. 3.  Cells  used  to  determine  the  effect  of removal  of the membrane,  and to 
estimate membrane potentials in the absence of the membrane. 
chloric acid. Recovery of known amounts of chloride in gelatin solutions was com- 
plete within 1 per cent. 
RESULTS 
Tables  I  and  II  give  the  electromotive  force  data  obtained  with  gelatin 
and edestin  solutions.  The values of El differ from zero by only a  few tenths 
of a  millivolt,  indicating  that each system was practically in equilibrium.  The 
values  of E~v,  obtained  with  a  direct  liquid  junction,  tend  to  be  somewhat 
less than gx, but the differences are not more than  2 or 3  my. for gelatin and 
3  or 4  mv. for edestin.  If the only effect of the removal of the membrane had 
been to abolish the membrane potential E~,  it might have been expected  that 
E~v would have been equal  to the difference between  the electrode potentials, 
which is usually assumed to be Era,  the E.•.r.  obtained with  the salt bridge. 
Since this was not the case, it must be inferred that cell IV contained a  liquid 
junction potential EL which was only a  few millivolts less than the membrane 
potential E.. 
The  agreement  between  the  values  of  Em  and  Ev,  which  should  theo- 
retically be  perfect,  is  best  in  the  experiments  dated  October  30  in  Table  I. 724  MEMBRANE POTENTIALS IN  DONNAN EQUILIBRIUM. II 
On  this  occasion  a  single  silver  chloride  electrode  was  placed  in  the  water- 
jacketed  vessel  beside  the  glass  electrode.  After  equilibration  across  the 
TABLE I 
Electromotive Force in Membrane  Equilibrium of 0.87 per cent Gdatin with Hydrochloric  Acid 
Date 
1953 
3/27 
9/22 
lO/3O 
9/30 
g¢ 
10/12 
ft 
lO/17 
Inlti~ acid 
i 
i0OOl 
¢¢ 
0.002 
0.005 
AP 
ram. H20 
310 
332 
320 
330 
372 
373 
261 
251 
231 
234 
248 
242 
EI 
0.2 
0.3 
--0.1 
0.0 
4-0.1 
--}-0.2 
0.4 
0.0 
0.4 
0.5 
Ely 
--0.5 
--2.5 
--2.0 
--2.0 
0.0 
0.0 
0.0 
--0.7 
I  _Em 
mY. 
28.0 
31.0 
29.6 
29.9 
24.7 
24.6 
12.5 
12.9 
12.3 
12.9 
13.6 
13.5 
t  --Ev  pHi 
30.5  3.759 
31.3  3.740 
33.9  3.846 
32.2  3.751 
24.6  3.269 
24.8  3.286 
13.5  2.637 
13.2  2.607 
12.0  2.661 
12.3  2.637 
AP =  osmotic pressure difference. 
EI, AgC1 electrodes, measured through membrane. 
Eiv, AgC1 electrodes, direct liquid junction. 
Eut, AgC1 electrodes with KCI bridge. 
Ev, glass electrodes with KC1 bridge. 
pHi refers to the inner solution; pro may be obtained by subtracting --Ev/59.15. 
TABLE II 
Electromotive Force in Membrane  Equilibrium of  0.81 per cent Edestln with Acid 
Date  Initial acid 
N 
1953 
5/25  0.001" 
11/23  0.002* 
6/3t,  0.02* 
AP 
ram. H20 
350 
364 
417 
414 
277 
286 
EI 
my. 
--0.5 
0.0 
0.9 
1.1 
--0.6 
-0.3 
Eiv 
~tV. 
--4.5 
--2.5 
--3.0 
--3.5 
--1.9 
--Enr 
m~. 
32.0 
30.0 
26.9 
26.2 
22.0 
21.6 
--Ev 
my. 
31.2 
32.8 
27.8 
25.1 
20.8 
22.6 
pHi 
3.876 
3.797 
3.288 
3.271 
3.752 
3.733 
* Hydrochloric acid. 
* Acetic acid, with 0.001 N sodium chloride. 
membrane,  the  solutions  were  placed  successively  in  this  vessel,  and  the 
electromotive force of the cell without liquid junction, 
Glass electrode; inner or outer solution; AgCl, Ag 
was  measured.  Since  the  E.~.~-.  of  this  cell  depends on  the  product  of  the 
activities of  the  hydrogen and chloride ions, its value should have been the DAVID  I.  HITCHCOCK  725 
same for the two solutions if the Donnan equilibrium had really been attained. 
The actual values were  189.4 and  189.5 Inv.  in one experiment,  190.5 and 
190.7  in  the  other.  The  value  of  Em  was  obtained  by  difference,  after 
measuring  the ~.~.F.  between  the silver  chloride  electrode  in each solution 
and the reference electrode by way of the stopcock leading to the salt bridge. 
Ev was obtained by using the glass electrode in the same way instead of the 
silver chloride electrode.  The failure of other values of Em and Ev to agree 
well may have  been  due  to  the  sensitivity of silver  chloride  electrodes  to 
mechanical  shock; in most of the experiments  the glass tube of a silver chlo- 
Date 
1953 
9/22 
lO/3O 
9/30 
10/12 
10/17 
TABLE  III 
Ion Ratios  in Membrane Equilibria of Gdaffn and H 
[Clli 
m.eq./liter 
3.07 
3.11 
5.21 
5.16 
8.98 
9.12 
8.68 
8.77 
9.12 
8.94 
[Clio 
m.eq./Iiter 
0.78 
0.77 
1.~ 
1.63 
4.70 
4.68 
4.72 
4.~ 
4.77 
4.70 
[C1] 
[Cl]o 
3.93 
4.04 
3.16 
3.16 
1.91 
1.95 
1.84 
1.87 
1.91 
1.90 
drochloric Acid 
(Cl-) i 
(Cl-)o 
3.17 
3.20 
2.62 
2.61 
1.63 
1.66 
1.61 
1.65 
1.70 
1.69 
(H  +) o 
(H  +) i 
3.74 
3.50 
2.61 
2.62 
1.69 
1.67 
1.60 
1.61 
[C1] -- total chloride, by analysis. 
(CI-)  •ffi  chloride ion activity, from Ein. 
(H  +)  ffi hydrogen ion activity, from Ev. 
ride electrode was withdrawn from the stopper on the membrane and inserted 
into the stopper used on the Ostwald vessel. 
Table  III provides  a  comparison  of ion ratios calculated in  three  ways: 
from total  chloride  concentrations,  as  given  by  analysis;  from chloride  ion 
activities,  as given  by Era;  and from hydrogen ion  activities,  as  given  by 
Ev. The figures in the two last columns would have agreed  perfectly if Em 
and Ev had been identical,  and the agreement is quite good in 6 cases. The 
concentration ratios, however,  are all considerably  greater than either of the 
activity ratios. This may be due to combination of chloride ion with protein, 
so that the concentration of free chloride ions was less than the total chloride 
concentration in the protein solution. 
DISCUSSION 
The principal  result of the present work is  the  finding  that  the electro- 
motive  force,  in these  equilibrium  systems,  is  not  greatly affected by  the 
absence  of the membrane. Because of this fact, it is necessary  to modify an 726  MEMBRANE  POTENTIALS  IN  DONNAN  EQUILIBRIUM.  II 
earlier  assertion  (19)  that  "the difference of potential  must  depend  on  the 
fact that the protein cannot get through the membrane." It would be better 
to  say that  even though a  membrane may provide the  constraint necessary 
for  the  establishment  of  the  Donnan  equilibrium  in  systems  containing 
protein and acid,  the removal of the membrane, after the difference in pres- 
sure  has  been  abolished,  does  not  necessarily  produce  any  great  or  rapid 
change at the boundary. This may be a result of the very low mobility of the 
protein.  The  comparison  of  EI  and  E~v  indicates  that  cell  IV  must  have 
included a  diffusion potential E~ not much less than the membrane potential 
Eu of cell I. 
The  liquid  junction  potential EL  might  be  estimated  by  the  formulas  of 
Planck and Henderson, which are admittedly inexact (cf.  MacInnes (20)). It 
can be shown that the Planck equation becomes identical with equation (2), 
the Donnan equation, if it is assumed that the protein ions have a  negligibly 
low mobility. With  this  assumption  the Henderson equation yields a  some- 
what  lower value for EL. The value calculated by either equation would be 
less if a mobility greater than zero were assigned to the protein cation. 
The results obtained in this work on the Donnan equilibrium differ sharply 
from those  obtained with  the dried  collodion membranes  of Michaelis  (21). 
When such a  membrane separates 0.1  N and 0.01  N potassium chloride solu- 
tions,  provided with  silver chloride electrodes, an  electromotive force of 90 
to 100 mv. may be measured. On piercing the membrane, this falls to 54 mv., 
the E.~.v. of the ordinary concentration cell with transference. The difference 
may be  taken as  the membrane potential,  since  in  this  case EL is  probably 
close to zero. 
The results of this work may have a  bearing on the validity of a  theory of 
bioelectric  potentials  in  excitable  tissues.  Hodgkin  (22)  considers  that  the 
resting potential  in  muscle  or nerve arises  from a  condition  resembling  the 
Donnan  equilibrium,  with  K +  and  C1-  playing  the  part  of diffusible  ions, 
unequally distributed according to the Donnan ratio. Activity of the tissue is 
supposed  to  be  accompanied  by a  sudden  increase  in  permeability to  Na  +, 
which has hitherto been a non-permeating ion outside of the cell. Entrance of 
Na  + into the cell is believed to account for a  reversal in sign of the potential 
difference at the peak of activity. The present experiments are by no means a 
fair model  for  testing  this  theory, because of  the very low mobility of  the 
protein cation. They do suggest,  however, that in  ionic membrane equilibria 
the removal of the membrane,  corresponding to an  increase in permeability, 
may not have a  very significant effect. There is need for further model experi- 
ments with a  membrane impermeable to some ion of high mobility. 
SUMMARY 
Measurements were made of  electromotive  force  in the Donnan equilibrium 
of systems containing dilute  solutions  of protein and acid.  Removal  of the DAVID  I. HITCHCOCK  727 
membrane produced a  decrease of no more than 2 to 4 my. in electromotive 
force,  while  the  membrane  potentials,  as  estimated  by  the  usual  arbitrary 
assumption,  were of the order of 12 to 34 inv. Ion ratios, as calculated from 
analyses for total chloride, were definitely greater than those calculated from 
the  electromotive force of  cells with salt  bridges, as if there had been  com- 
bination of some of the chloride ion with protein. 
The writer is indebted to Dr. Alexander Mauro for many helpful  discussions dur- 
ing the progress of this work. 
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